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I rigorously calculated the force on a photonic crystal made of slabs 

with different reflective indexes for normal incidence by Transfer-Matrix 

Method together with Maxwell-Stress tensor. Models with two slabs and 

larger number of slabs, say 300 slabs, are used. I found that the forces 

on slabs are attractive or repulsive depending on the frequency of the 

incident light as well as the slabs separation. Equilibrium is reached 

when the frequency of the incidence light is right at the band edge. 

Introduction: 

Photonic crystal is a periodic structure of dielectric media. It allows us to 

control the propagation of light. For example, since light with frequencies inside the 

band can pass through the structure but those inside the band gap cannot, we can 

allow only light with certain frequencies passing through. Its power of molding the 

flow of light allows widespread use in science and commercial products. One 

dimensional photonic crystal structure, which consists of slabs of dielectric material 

with different reflective index, can be used in the form of thin-film optic. While the two 
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dimensional photonic crystal can be used to make photonic crystal fibers which has 

advantages over conventional optical fibers. 

Photonic crystal can control the flow of light. At the same time, light, while 

carrying energy and momentum, would apply a force on the interface between 

materials with different reflective indices. It is known that a normal incident light would 

apply a force in the same direction as the propagation direction on a single slab with 

higher reflective index [1]. This photonic force caused by the flow of light may in turn 

mold the structure of the photonic crystal. 

As physicists are trying to discover new photonic crystal for manipulating the 

flow of light, it is interesting to study how the flow of light would change the structures. 

Even more interestingly, it is now known that an incident electromagnetic plane wave 

can be used to organize small dielectric micro-spheres into a 20 pattern [2]. I would 

like to study theoretically whether optical forces can organize a collection of slabs into 

a 10 photonic crystal. It is a direct analogy to real crystals. This calculation will also 

provide an insight for 20 and 3D structures as well. 

Method: 

The forces on slabs in 10 photonic crystal can be calculated by using the 

Maxwell stress tensor: 
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F= {f.da 

And the electric field and magnetic field needed can be calculated by using 

Transfer Matrix Method in one dimensional problem, which matches the boundary 

condition at the interface: 

E~ -E~ 
above beloll' 

E" -E" =0 
above beloll' 

B~ -B~ =0 
abo\'e beloll' 

BII -B" = J1 (Kxn) 
above beloll' 0 

Transfer Matrix Method 

Consider the following situation, two S-polarized EM wave incidents on a flat 

surface of a dielectric medium with E and IJ. Both E and IJ are allowed to be complex. 

B 
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have: 

The boundary condition at the surface of the dielectric material is: 

C~ -E~)xn =0 

cH; - II;) x n = 0 

From the first boundary condition, at z = 0 (Boundary of the materiaL), we 

This relation has to be hold for all x. Assuming that kx1 = kx4, by the 

orthogonality of the function e
ikx

, we will have kx2 = kx3 = kx1. The above equation 

reduces to A + B - C - 0 = 0 or C = A + B - D. 

Since kx2 = kx3 = kx1 , we have kz2 = kz1, kz3 = kz4. 

From the Maxwell Equations, we have: 

Combined with the second boundary conditions, we will have: 

- iAkz +iBk z -lC-CCikz'-n) - DC-ikz'+n» = 0 
fl 

A - B + _I_CD - C)Ckz '+in) = 0 
flk z 
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B = A + _1_ (2D - A - B)(kz '+in) 
J1kz 

(1 + kz'+in)B = (1- kz'+in)A + 2 kz'+in D 
J1k z J1k z J1kz 

1- kz '+in 2 kz '+in 

B = J1k~ A + J1k z D 
k '+m k '+in 1 + z 1 + _z,,--_ 

J1kz J1k z 

= J1k z - k z '-in A + 2(kz '+in) D 

J1kz + k z '+in J1k z + k z '+in 

C=A_D+ J1kz- k z'-in A+ 2(kz'+in) D 
J1k z + k z '+in J1k z + k z '+in 

= 2J1kz A + kz'+in - J1k z D 
J1kz + k z '+in J1k z + k z '+in 

Hence the transfer matrix of the boundary is: 

To find the kz' and n, we may use the geometry of the incident beam and 

some elementary optics. 

k z = ((J cos( B), k II = ((J sine B) 
In the air, c c 

k 2 k ,2 2 2 ink , 2 
Inside the material, II + z -n + z = co 81' 

k/-n2 =Re(co28J1)-k;/ 

2nkz '= Im(a./ 81') 

Since n can be zero (for non-absorbing medium), it is better to write: 
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1 2 
n=-Im(m &11) 

2k ' r 
z 

kz ,2 -(2~ , Im(m2 &f1))2 = Re(m2 &f1) - k;/ 
z 

k ,2 1 2)2 (2 k 2 
z - 4k ,2 Im(m &f1 = Re m &11) - II 

z 

Using the formulas of solving quadratic equations, we will have: 

2 k 2] 12k 2 2 2 2 k ,2 = [Re(m &11) - II ± -y Re(m &11- II) + Im(m &f1) 
z 2 

It is clear that the expression inside the square root is larger then the outside 

and kz' is assumed to be real. Hence, only the positive solution is kept. 

k ,2 = [Re(m2 &f1) - k;/] + ~Re(m2 &11- k;/)2 + Im(m2 &f1)2 
z 2 

1 
n =-Im(m2&f1) 

By this, together with the equation 2k z ' , we have the solutions 

for nand kz'. 

For P polarized EM wave, 
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have: 

EOJlO 

A 

H-field 

B 

The boundary condition at the surface of the dielectric material is: 

(~-E;)xn = 0 

(H; - H~) x n = 0 

From the first boundary condition, at z = 0 (Boundary of the materiaL), we 

This relation has to be hold for all x. Assuming that kx1 = kx4, by the 

orthogonality of the function e
ikx

, we will have kx2 = kx3 = kx1. The above equation 

reduces to A + B - C - D = 0 or C = A + B - D. 

Since kx2 = kx3 = kx1 , we have kz2 = kz1 , kz3 = kz4. 

From the Maxwell Equations, we have: 

V'xH =-iQ)&E 

Combined with the second boundary conditions, we will have: 
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-iAkz +iBkz =~(-C(ikz '-n)-D(-ikz '+n)) 
s 

A-B+-
1
-(D -C)(kz '+in) = 0 

skz 

B = A +_l_(D-C)(kz '+in) 
skz 

B =A+-
1
-(2D-A-B)(kz '+in) 

skz 

(1+ kz '+in)B = (1- kz '+in)A+2 kz '+in D 
skz skz skz 

1- kz '+ in 2 kz '+ in 

B= skz A+ skz D 
1 + kz '+ in 1 + kz '+ in 

skz skz 

=skz-kz'-in A + 2(kz'+in) D 
skz +kz '+in skz +kz '+in 

C = A -D+ skz -kz '-in A + 2(kz '+in) D 
skz +kz '+in skz +kz '+in 

= 2skz A+ kz '+in-skz D 
skz +kz '+in skz +kz '+in 

Hence the transfer matrix of the boundary is: 

T =!(1+ skz ) 
11 2 k" 

1 
Tl2 = -(1 

2 

z +m 

T =!(1- skz ) =T 
21 2 k" 12 

z +In 

1 sk 
T22 = - (1 + Z,) = Til 

2 kz '+m 

Note that for TM wave, the Txx are derived for the H-field, 

We take the slabs to be non-absorptive so n=O, moreover, only normal 

incidence is consider so () = 0 , 

Results and Discussion: 
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Two Slab Structure 

By first studying a simple structure, which consists of two slabs (slab 1 and 

slab 2) with reflective index 1.59 separated by material with reflective index 1.33, it is 

found that there exists forces which may change the structure. 

The following figures show the photonic force on each slab by a normal 

incident light. Positive value means that force acting on the slab is the same direction 

as the incidence of light, and vice versa. In Fig.1, it shows that the net force on the 

whole crystal is always positive no mater what the thickness and separation are. The 

force on slab 1 is always negative (Fig. 2), while the force on slab 2 is always in 

direction of the incidence direction (Fig. 3). This pair of forces would always attempt 

to increase the separation between the two slabs. 

Fig. 1 Net photonic force on two 

slabs with n=1.59, separated by 

material with n= 1.33. 
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Fig. 2 Same as Fig. 1 with only the 

force on the slab 1 is shown. 

Fig. 3 Same as Fig. 1 with only the 

force on the slab 2 is shown. 

The following figure shows the relative photonic force (force on slab2 minus 

that on slab1) by a normal incident light (Fig 4.) with the incidence frequency and the 

separation as the dependent parameters. Positive relative force means that the two 

slabs repeal and negative relative force means that the two slabs attract. With 

different parameters the relative forces have different sign and magnitude, but with 

certain parameters the relative force is zero. This give support to the prediction that 

with certain incidence frequency and separations, the force inside a 1 D photonic 
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crystal would be in equilibrium and the structure of the photonic crystal would not 

change, 

Fig. 4 Net photonic force on two slabs with n=3.61, separated by material with n=1.33. 

1 D Photonic Crystal 

After studying the two slabs model, it is interested to study the N-slab model 

(Fig.5). First, I put my focus on the normal incidence with incident renormalized 

frequencies below 0.15, which is corresponding to the first band in the band structure 

of the photonic crystal (Fig.6). By calculating forces on each slab with certain incident 

frequency, I found the force on each slab is quite different. By plotting them in Fig. 7, 

it is shown that they look like a wave. So, after getting lots of graphs like Fig. 7, I 

plotted the incident renormalized frequency versus "wave number" k of the wave, i.e. 

I did a Fourier analysis on the data plotted in Fig. 7 and plotted the highest peaks in 

the Fourier analysis as a function of frequency as the red dots in Fig. 8. In Fig.8, for 

the lower half of the graph, the red dots forms a line having a slope half of the black 
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line, while in the upper half, the line is folded back. The reason of the red line having 

a slope half of that of the band structure is because the photonic force is 

corresponding to the square of the electric field. The folding of the red line is due to 

limit of the sampling rate. 

The reason behind can be seen in the analytical way. The Bloch theorem 

shows that the electric and magnetic fields in a 10 photonic crystal would have the 

form: 

Hk (r) = ei(k.r)UIJr) 

uk(r)=uk(r+nR) 

There for the magnitude of the electric and magnetic fields would have a 

period of R. While the force depends on the magnitude square of the electric and 

magnetic fields: 

1 1 
F=-(nEo IEI2 +-IBI2) 

4 f.1o 

As magnitude square of the electric and magnetic fields would have the 

period half of the original one, the force would also have the period R/2. When the 

period is halved, at the same time, the wave vector k should be doubled. Therefore, 

this explains what is shown in the lower half of the graph in Fig. 8. For the same 

incidence renormalized frequency, the k of the force would be twice of the k from the 

band structure. 

As the incidence renormalized frequency increase, k of the force increases 
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and the period R decreases. When there are more than half period between two 

sample points, the period R would be wrongly determined as multiple of R. To avoid 

this, higher sampling rate should be used so more data points are determined in an 

interval. In graph like Fig. 7, the force on each single slab is determined. It is the 

highest sampling rate can be achieved because the slabs are discrete, but for k 

larger than 0.09, it is still not enough to determined the period correctly, it is mistaken 

to be multiple of the original one so k is smaller than the actual value. This causes the 

folding of the red line in Fig. 8. 

Noticing all those, I see that at the band edge (renormalized frequency = 

0.15) k would be 2n. That means the period R would be 1, equals to a. But from the 

graph in Fig. 8, it is determined as O. This shows that all crest or all trove are 

happened exactly on the slabs, therefore the force on the slabs are constants. It is 

very likely the equilibrium which the force on each slab is the same can be achieved 

at the band edge. 
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Band Structure for 1 D PC, n1=1 .33, n2=sqrt(13), filling ratio=O.5 

300 slabs 0.8 

( ) 
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Fig. 5 Structure of the photonic crystal 

studied, l1s/ob = J13 l1bg = 1.33 a = 1. 

Force on slabs with renormalized frequency=O.03, 
n=sqrt(13), bg n=1.33, filling ratio=O.5 
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Fig. 6 Band structure of the photonic crystal 

described in FigA 
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Fig. 7 Force on different slabs in the crystal with 

incident renormalized frequency=O.03. 

Fig. 8 incident renormalized frequency versus "wave 

number" k with band structure 

After understand the result of the first band, the focus is then put on the 

band gap. In Fig. 9, force on each slab with different incidence renormalized 

frequency is plot (only first 10 is shown). The force on the slabs quickly drops to zero, 

the first several slabs are under positive forces. They show a trend of exponential 

decay, so I plot the log of force versus the slabs in Fig. 10. Form Fig. 10, all the lines 
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are straight and the slope is negative with different magnitude. The magnitude of the 

slopes K represents the decay of the force on a length scale 11K. The relations of the 

K and the incidence frequency is shown in Fig. 11, the maximum of K happened 

when incidence renormalized frequency is 0.2, which is the centre of the band gap. 

So when it gets closer to the band edge, K decreases and would eventually becomes 

zero. This can be explained by the fact that the magnitude of the wave is decaying in 

the bandgap. The decaying rate is larger at the center of the gap. For slabs inside the 

photonic crystal, they experience a smaller and smaller E-field as the frequency of 

the incident wave get closer and closer to the center of the band gap which results in 

a smaller and smaller photonic force. Also notices that the force which the first slab 

receives is greater when K is larger. This also adds evidence showing that the 

equilibrium would happen at the band edge. 
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Fig. 9 Force on different slabs in the crystal 

with different incident renormalized 

frequency inside the band gap 
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Conclusion 

Fig. 10 Same as Fig. 9 with force 

plot in log scale 

Fig. 11 magnitude of the slope 

in Fig. 10 versus the incidence 

renormalized frequency 

The photonic force inside a one dimension phonetic crystal is closely 

related to the band structure of it. Inside the band, the force would show in a periodic 

structure with wave vector twice of that in the band structure. Inside the band gap, the 

force would show a decay which is faster at the center of the gap. The equilibrium 
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which the force on each slab is the same would happened at the band edge. 
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